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Abstract
We prove the generalized Hyers–Ulam–Rassias stability of generalized A-quadratic mappings of
type (P) in Banach modules over a Banach ∗-algebra, and of generalized A-quadratic mappings of
type (R) in Banach modules over a Banach ∗-algebra.
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1. Introduction
In 1940, Ulam [15] raised the following question: Under what conditions there exists
an additive mapping near an approximately additive mapping?
Let X and Y be Banach spaces with norms || · || and ‖ ·‖, respectively. Hyers [4] showed
that if  > 0 and f :X → Y such that∥∥f (x + y)− f (x)− f (y)∥∥ 
for all x, y ∈ X, then there exists a unique additive mapping T :X → Y such that∥∥f (x) − T (x)∥∥ 
for all x ∈ X.
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fixed x ∈ X. Assume that there exist constants   0 and p ∈ [0,1) such that∥∥f (x + y)− f (x)− f (y)∥∥ (||x||p + ||y||p)
for all x, y ∈ X. Rassias [7] showed that there exists a uniqueR-linear mapping T :X → Y
such that∥∥f (x) − T (x)∥∥ 2
2 − 2p ||x||
p
for all x ∈ X.
A square norm on an inner product space satisfies the important parallelogram equality
‖x + y‖2 + ‖x − y‖2 = 2‖x‖2 + 2‖y‖2.
The functional equation
f (x + y) + f (x − y) = 2f (x)+ 2f (y)
is called a quadratic functional equation. In particular, every solution of the quadratic func-
tional equation is said to be a quadratic function. A Hyers–Ulam stability problem for the
quadratic functional equation was proved by Skof [14] for mappings f :E1 → E2, where
E1 is a normed space and E2 is a Banach space. Cholewa [2] noticed that the theorem of
Skof is still true if the relevant domain E1 is replaced by an Abelian group. In [3], Czer-
wik proved the Hyers–Ulam–Rassias stability of the quadratic functional equation. Several
functional equations have been investigated in [8–13].
Throughout this paper, assume that A is a Banach ∗-algebra, and that X and Y are left
Banach A-modules with norms || · || and ‖ · ‖, respectively.
Definition 1.1 [16,17]. A mapping f :X → Y is called an A-quadratic mapping if f :
X → Y satisfies
Q(x + y) + Q(x − y) = 2Q(x) + 2Q(y), (1.i)
Q(ax) = aQ(x)a∗ (1.ii)
for all a ∈ A and all x, y ∈ X.
In this paper, we prove the generalized Hyers–Ulam–Rassias stability of generalized
A-quadratic mappings of type (P), defined in [5,6], in Banach modules over a Banach
∗-algebra, and of generalized A-quadratic mappings of type (R), defined in [5,6], in Banach
modules over a Banach ∗-algebra.
2. Generalized quadratic mappings in Banach modules
We are going to prove the generalized Hyers–Ulam–Rassias stability of generalized
A-quadratic mappings of type (P) in Banach modules over a Banach ∗-algebra.
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A-quadratic mapping of type (P) if
Q(ax) = aQ(x)a∗,
Q
(
n∑
i=1
xi
)
+
n∑
j=2
Q
(
n∑
i=1
xi − nxj
)
= n
(
n∑
i=1
Q(xi) +
n∑
i<j, j=3
n−1∑
i=2
Q(xi − xj )
)
for all a ∈ A and all x, x1, . . . , xn ∈ X.
Remark 1. When n = 2, it reduces to an A-quadratic mapping.
Theorem 2.2. Let f :X → Y be a mapping satisfying f (0) = 0 for which there exists a
function ϕ :Xn → [0,∞) such that
ϕ˜(x1, . . . , xn) :=
∞∑
j=0
1
n2j
ϕ(nj x1, . . . , n
jxn) < ∞, (2.i)
∥∥∥∥∥f
(
n∑
i=1
xi
)
+
n∑
j=2
f
(
n∑
i=1
xi − nxj
)
− n
(
n∑
i=1
f (xi) +
n∑
i<j, j=3
n−1∑
i=2
f (xi − xj )
)∥∥∥∥∥
 ϕ(x1, . . . , xn), (2.ii)∥∥f (ax)− af (x)a∗∥∥ ϕ(x, . . . , x︸ ︷︷ ︸
n times
) (2.iii)
for all a ∈ A and all x, x1, . . . , xn ∈ X. Then there exists a unique generalized A-quadratic
mapping Q :X → Y of type (P) such that∥∥f (x) − Q(x)∥∥ 1
n2
ϕ˜(x, . . . , x︸ ︷︷ ︸
n times
) (2.iv)
for all x ∈ X.
Proof. Put x1 = x2 = · · · = xn = x in (2.ii). Then∥∥f (nx) − n2f (x)∥∥ ϕ(x, . . . , x︸ ︷︷ ︸
n times
)
for all x ∈ X. So∥∥∥∥f (x) − 1n2 f (nx)
∥∥∥∥ 1n2 ϕ(x, . . . , x︸ ︷︷ ︸
n times
)
for all x ∈ X. Thus∥∥∥∥ 1n2j f (njx) − 1n2j+2 f (nj+1x)
∥∥∥∥ 1n2j+2 ϕ(njx, . . . , njx︸ ︷︷ ︸)n times
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∥∥∥∥ m−1∑
j=l
1
n2j+2
ϕ(njx, . . . , njx︸ ︷︷ ︸
n times
) (2.1)
for all x ∈ X. By (2.i), the sequence {(1/n2j )f (nj x)} is a Cauchy sequence for all x ∈ X.
Since Y is complete, the sequence {(1/n2j )f (njx)} converges for all x ∈ X. Define
Q :X → Y by
Q(x) = lim
j→∞
1
n2j
f (nj x) (2.2)
for all x ∈ X. Letting l = 0 and taking m → ∞ in (2.1), one can obtain the inequality (2.iv).
It follows from (2.ii), (2.iii) and (2.2) that the mapping Q :X → Y satisfies the properties
of Definition 2.1. Hence the mapping Q : X → Y is a generalized A-quadratic mapping of
type (P), as desired. 
Corollary 2.3. Let p (0 < p < 2) and θ be positive real numbers. Let f :X → Y be a
mapping satisfying f (0) = 0 for which there exists a function ϕ :Xn → [0,∞) such that∥∥∥∥∥f
(
n∑
i=1
xi
)
+
n∑
j=2
f
(
n∑
i=1
xi − nxj
)
− n
(
n∑
i=1
f (xi) +
n∑
i<j, j=3
n−1∑
i=2
f (xi − xj )
)∥∥∥∥∥
 θ
n∑
j=1
||xj ||p,
∥∥f (ax)− af (x)a∗∥∥ nθ ||x||p
for all a ∈ A and all x, x1, . . . , xn ∈ X. Then there exists a unique generalized A-quadratic
mapping Q :X → Y of type (P) such that∥∥f (x) − Q(x)∥∥ nθ
n2 − np ||x||
p
for all x ∈ X.
Proof. Define ϕ(x1, . . . , xn) =∑nj=1 θ ||xj ||, and apply Theorem 2.2. 
Now we are going to prove the generalized Hyers–Ulam–Rassias stability of general-
ized A-quadratic mappings of type (R) in Banach modules over a Banach ∗-algebra.
Definition 2.4 [1, Definition 10.2.1]. A mapping Q :X → Y is called a generalized A-
quadratic mapping of type (R) if Q(ax) = aQ(x)a∗ for all a ∈ A and all x ∈ X, and one
of the following two identities holds:
Q
(
n∑
dixi
)
+
∑
didjQ(xi − xj ) =
(
n∑
di
)(
n∑
diQ(xi)
)
(2.v)i=1 1i<jn i=1 i=1
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nonzero and such that
∑n
i=1 di = 0, n 2;
Q
(
n∑
i=1
dixi
)
+
n∑
i=1
(
di
((
n∑
j=1
dj
)
− 2dj
)
Q(xi)
)
=
∑
1i<jn
didjQ(xi + xj ) (2.vi)
for all x1, . . . , xn ∈ X, some fixed di ∈ R, i = 1,2, . . . , n, and at least three of them are
nonzero and n 3.
Remark 2. When d1 = d2 = 1 and di = 0, i = 3, . . . , n, in (2.v), the mapping Q :X → Y
reduces to an A-quadratic mapping.
When x3 = −x2, d1 = d2 = d3 = 1 and di = 0, i = 4, . . . , n, in (2.vi), the mapping
Q :X → Y reduces to an A-quadratic mapping.
Theorem 2.5. Let d := ∑ni=1 di (d1, . . . , dn ∈ R, d = 0). Let f :X → Y be a mapping
satisfying f (0) = 0 for which there exists a function ϕ :Xn → [0,∞) such that
ϕ˜(x1, . . . , xn) :=
∞∑
j=0
1
|d|2j ϕ(d
jx1, . . . , d
j xn) < ∞, (2.vii)
∥∥∥∥∥f
(
n∑
i=1
dixi
)
+
∑
1i<jn
didjf (xi − xj ) −
(
n∑
i=1
di
)(
n∑
i=1
dif (xi)
)∥∥∥∥∥
 ϕ(x1, . . . , xn), (2.viii)∥∥f (ax)− af (x)a∗∥∥ ϕ(x, . . . , x︸ ︷︷ ︸
n times
) (2.ix)
for all a ∈ A and all x, x1, . . . , xn ∈ X. Then there exists a unique generalized A-quadratic
mapping Q :X → Y of type (R) such that∥∥f (x) − Q(x)∥∥ 1|d|2 ϕ˜(x, . . . , x︸ ︷︷ ︸
n times
) (2.x)
for all x ∈ X.
Proof. Put x1 = x2 = · · · = xn = x in (2.viii). Then∥∥f (dx)− d2f (x)∥∥ ϕ(x, . . . , x︸ ︷︷ ︸
n times
)
for all x ∈ X. So∥∥∥∥f (x) − 1d2 f (dx)
∥∥∥∥ 1|d|2 ϕ(x, . . . , x︸ ︷︷ ︸)n times
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∥∥∥∥ 1|d|2j+2 ϕ(djx, . . . , dj x︸ ︷︷ ︸
n times
)
for all x ∈ X. For given integers l,m (0 l < m),∥∥∥∥ 1d2l f (dlx)− 1d2mf (dmx)
∥∥∥∥ m−1∑
j=l
1
|d|2j+2 ϕ(d
jx, . . . , dj x︸ ︷︷ ︸
n times
) (2.3)
for all x ∈ X. By (2.vii), the sequence {(1/d2j )f (djx)} is a Cauchy sequence for all
x ∈ X. Since Y is complete, the sequence {(1/d2j )f (djx)} converges for all x ∈ X. Define
Q :X → Y by
Q(x) = lim
j→∞
1
d2j
f (djx) (2.4)
for all x ∈ X. Letting l = 0 and taking m → ∞ in (2.3), one can obtain the inequal-
ity (2.x). It follows from (2.viii), (2.ix) and (2.4) that the mapping Q :X → Y satisfies
Q(ax) = aQ(x)a∗ for all a ∈ A and all x ∈ X and (2.v) in Definition 2.4. Hence the map-
ping Q :X → Y is a generalized A-quadratic mapping of type (R), as desired. 
Corollary 2.6. Let p (0 < p < 2) and θ be positive real numbers. Let f :X → Y be a
mapping satisfying f (0) = 0 for which there exists a function ϕ :Xn → [0,∞) such that∥∥∥∥∥f
(
n∑
i=1
dixi
)
+
∑
1i<jn
didjf (xi − xj ) −
(
n∑
i=1
di
)(
n∑
i=1
f (xi)
)∥∥∥∥∥
 θ
n∑
j=1
||xj ||p,
∥∥f (ax)− af (x)a∗∥∥ nθ ||x||p
for all a ∈ A and all x, x1, . . . , xn ∈ X. Then there exists a unique generalized A-quadratic
mapping Q :X → Y of type (R) such that∥∥f (x) − Q(x)∥∥ nθ|d|2 − |d|p ||x||p
for all x ∈ X.
Proof. Define ϕ(x1, . . . , xn) =∑nj=1 θ ||xj ||, and apply Theorem 2.5. 
Next, we consider di = 1/n in (2.vi).
Theorem 2.7. Let f :X → Y be a mapping satisfying f (0) = 0 for which there exists a
function ϕ :Xn → [0,∞) such that
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∞∑
j=0
1
22j
ϕ(2jx1, . . . ,2j xn) < ∞, (2.xi)
∥∥∥∥∥f
(
n∑
i=1
1
n
xi
)
+
n∑
i=1
1
n
(
1 − 2
n
)
f (xi) −
∑
1i<jn
1
n2
f (xi + xj )
∥∥∥∥∥
 ϕ(x1, . . . , xn), (2.xii)∥∥f (ax)− af (x)a∗∥∥ ϕ(x, . . . , x︸ ︷︷ ︸
n times
) (2.xiii)
for all a ∈ A and all x, x1, . . . , xn ∈ X. Then there exists a unique generalized A-quadratic
mapping Q :X → Y of type (R) such that∥∥f (x) − Q(x)∥∥ n
2(n − 1) ϕ˜(x, . . . , x︸ ︷︷ ︸
n times
) (2.xiv)
for all x ∈ X.
Proof. Put x1 = x2 = · · · = xn = x in (2.xii). Then∥∥∥∥
(
2 − 2
n
)
f (x)− n − 1
2n
f (2x)
∥∥∥∥ ϕ(x, . . . , x︸ ︷︷ ︸
n times
)
for all x ∈ X. So∥∥∥∥f (x) − 14f (2x)
∥∥∥∥ n2(n − 1)ϕ(x, . . . , x︸ ︷︷ ︸
n times
)
for all x ∈ X. Thus∥∥∥∥ 122j f (2j x) − 122j+2 f (2j+1x)
∥∥∥∥ n22j+1(n − 1)ϕ(2j x, . . . ,2j x︸ ︷︷ ︸
n times
)
for all x ∈ X. For given integers l,m (0 l < m),∥∥∥∥ 122l f (2lx) − 122mf (2mx)
∥∥∥∥ m−1∑
j=l
n
22j+1(n − 1)ϕ(2
jx, . . . ,2j x︸ ︷︷ ︸
n times
) (2.5)
for all x ∈ X. By (2.xi), the sequence {(1/22j )f (2jx)} is a Cauchy sequence for all
x ∈ X. Since Y is complete, the sequence {(1/22j )f (2j x)} converges for all x ∈ X. Define
Q :X → Y by
Q(x) = lim
j→∞
1
22j
f (2jx) (2.6)
for all x ∈ X. Letting l = 0 and taking m → ∞ in (2.5), one can obtain the inequality
(2.xiv). It follows from (2.xii), (2.xiii) and (2.6) that the mapping Q :X → Y satisfies
Q(ax) = aQ(x)a∗ for all a ∈ A and all x ∈ X and (2.vi) in Definition 2.4 when di = 1/n
for i = 1,2, . . . , n. Hence the mapping Q :X → Y is a generalized A-quadratic mapping
of type (R), as desired. 
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mapping satisfying f (0) = 0 for which there exists a function ϕ :Xn → [0,∞) such that∥∥∥∥∥f
(
n∑
i=1
1
n
xi
)
+
n∑
i=1
1
n
(
1 − 2
n
)
f (xi) −
∑
1i<jn
1
n2
f (xi + xj )
∥∥∥∥∥ θ
n∑
j=1
||xj ||p,
∥∥f (ax)− af (x)a∗∥∥ nθ ||x||p
for all a ∈ A and all x, x1, . . . , xn ∈ X. Then there exists a unique generalized A-quadratic
mapping Q :X → Y of type (R) such that∥∥f (x) − Q(x)∥∥ 2n2θ
(4 − 2p)(n − 1) ||x||
p
for all x ∈ X.
Proof. Define ϕ(x1, . . . , xn) =∑nj=1 θ ||xj ||, and apply Theorem 2.7. 
Finally, we consider di = 2/n in (2.vi).
Theorem 2.9. Let f :X → Y be a mapping satisfying f (0) = 0 for which there exists a
function ϕ :Xn → [0,∞) such that
ϕ˜(x1, . . . , xn) :=
∞∑
j=0
1
22j
ϕ(2jx1, . . . ,2j xn) < ∞, (2.xv)
∥∥∥∥∥f
(
n∑
i=1
2
n
xi
)
+
n∑
i=1
2
n
(
2 − 4
n
)
f (xi) −
∑
1i<jn
4
n2
f (xi + xj )
∥∥∥∥∥
 ϕ(x1, . . . , xn), (2.xvi)∥∥f (ax)− af (x)a∗∥∥ ϕ(x, . . . , x︸ ︷︷ ︸
n times
) (2.xvii)
for all a ∈ A and all x, x1, . . . , xn ∈ X. Then there exists a unique generalized A-quadratic
mapping Q :X → Y of type (R) such that∥∥f (x) − Q(x)∥∥ n
4(n − 2) ϕ˜(x, . . . , x︸ ︷︷ ︸
n times
) (2.xviii)
for all x ∈ X.
Proof. Put x1 = x2 = · · · = xn = x in (2.xvi). Then∥∥∥∥4
(
1 − 2
n
)
f (x) − n − 2
n
f (2x)
∥∥∥∥ ϕ(x, . . . , x︸ ︷︷ ︸
n times
)
for all x ∈ X. So∥∥∥∥f (x) − 14f (2x)
∥∥∥∥ n4(n − 2)ϕ(x, . . . , x︸ ︷︷ ︸)n times
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∥∥∥∥ n22j+2(n − 2)ϕ(2j x, . . . ,2j x︸ ︷︷ ︸
n times
)
for all x ∈ X. For given integers l,m (0 l < m),∥∥∥∥ 122l f (2lx) − 122mf (2mx)
∥∥∥∥ m−1∑
j=l
n
22j+2(n − 2)ϕ(2
jx, . . . ,2j x︸ ︷︷ ︸
n times
) (2.7)
for all x ∈ X. By (2.xv), the sequence {(1/22j )f (2jx)} is a Cauchy sequence for all
x ∈ X. Since Y is complete, the sequence {(1/22j )f (2j x)} converges for all x ∈ X. Define
Q :X → Y by
Q(x) = lim
j→∞
1
22j
f (2jx) (2.8)
for all x ∈ X. Letting l = 0 and taking m → ∞ in (2.7), one can obtain the inequality
(2.xviii). It follows from (2.xvi), (2.xvii) and (2.8) that the mapping Q :X → Y satisfies
Q(ax) = aQ(x)a∗ for all a ∈ A and all x ∈ X and (2.vi) in Definition 2.4 when di = 2/n
for i = 1,2, . . . , n. Hence the mapping Q :X → Y is a generalized A-quadratic mapping
of type (R), as desired. 
Corollary 2.10. Let p (0 < p < 2) and θ be positive real numbers. Let f :X → Y be a
mapping satisfying f (0) = 0 for which there exists a function ϕ :Xn → [0,∞) such that∥∥∥∥∥f
(
n∑
i=1
1
n
xi
)
+
n∑
i=1
1
n
(
1 − 2
n
)
f (xi) −
∑
1i<jn
1
n2
f (xi + xj )
∥∥∥∥∥ θ
n∑
j=1
||xj ||p,
∥∥f (ax)− af (x)a∗∥∥ nθ ||x||p
for all a ∈ A and all x, x1, . . . , xn ∈ X. Then there exists a unique generalized A-quadratic
mapping Q :X → Y of type (R) such that
∥∥f (x) − Q(x)∥∥ n2θ
(4 − 2p)(n − 2) ||x||
p
for all x ∈ X.
Proof. Define ϕ(x1, . . . , xn) =∑nj=1 θ ||xj || and apply Theorem 2.9. 
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